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Bayesian State Space Model

Abstract

This methodological framework examines the Bayesian State Space Model (BSSM),
which is particularly suitable for estimating model parameters with a high degree of
confidence when working with short time series. The BSSM is implemented through
several stages, including the Variational Bayesian M-step (maximisation), Variational
Bayesian E-step (expectation), calculation of the lower bound of the logarithmic
marginal likelihood, updating of hyperparameters, and comparison of the lower bound
of the logarithmic marginal likelihood. The objective of this article is to expand the
range of modelling approaches used to improve the accuracy of estimates of the
fundamental value of housing prices in Uzbekistan’s real estate market.

Keywords: covariance matrix, marginal probability, error, prior distribution, posterior
distribution, time series.

Prepared by the Financial Stability Department of the Central Bank of Uzbekistan.

If you have any comments, please send them to udjumanazarov(@cbu.uz.



mailto:udjumanazarov@cbu.uz

Bayesian State Space Model

Bayesian state space model (BSSM) is considered more efficient than the state space
model (SSM)! for estimating parameters with a high degree of confidence in short
time series. In particular, BSSM provides opportunities for managing uncertainty and
adapting parameters to observed data. It allows for rapid updating of posterior
distributions?, enabling better representation of dynamic changes in data over short
time series.

BSSM treats all uncertain quantities as random variables and uses the laws of
probability. These models are widely used in the fields of signal filtering and
prediction. To quantify uncertainties in the model, posterior distributions over all the
parameters are required. In particular, the model consists of an observable or
measurement equation representing the level of interdependence and a transition
equation® representing dynamic state variables:

yt - Cxt + Dut + Ut
xt - Axt_l + But + Wt .

Where,

y; — vector of observable endogenous variables;

x; — vector of hidden state variables

u; — vector of observable exogenous variables;

A — kxk state dynamics matrix;

C — pxk observation matrix;

B — kxd input-to-state matrix;

D — pxd input-to-observation matrix;

v; ~ N(0, R) — vector of measurement errors for the observation equation;
w; ~ N(0, Q) — vector of measurement errors for the state equation;
A, B, C and D matrices — matrices of estimated coefficients;

Q and R — covariance matrices for errors.

The displacements in the observation space can be learnt as parameters of the input-
to-state and input-to-observation matrices. Since the hidden state is unobserved, state

I State space model (SSM) methodology is presented in the Methodological Framework of Central Bank.
2 Posterior distribution is the updated distribution of a parameter after observing the data.
3 Beal, M. (2003). Variational Algorithms for Approximate Bayesian Inference. University of Cambridge.
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noise covariance matrix Q can be incorporated into the state dynamics matrix A. As a
result, hidden state rescaled according to this change. Covariance matrix, R, of output
noise can not be incorporated to observation matrix C since the data is observed. In
particular, the output noise covariance matrix R, which is assumed diagonal, is
defined through the precision vector p as follows:

R™! = diag(p)

Here, R denotes the covariance matrix of output noise, diag(p) denotes a matrix with
all offdiagonal elements equal to zero.

For conjugacy?, each dimension of p is assumed to be gamma distributed with
hyperparameters a and b. Prior distribution of p is defined as follows:

b _
p(pla,b) = [T, P Yexp {—bps} .

The parameters and hyperparameters are linked through following probabilities:

p(agla) = N(agyl0,diag(a)™)
p(bh|B) = N(b(;|0,diag(B)™)
=12 .,k
p(cs)|ps,v) = N(cs)10, ps~diag(y) ™)
p(dslps, 8) = N(d (50, ps~diag(6)™")

p(psla,b) = Ga(ps|a, b)
s=12,..,p.

Where,
acjy —jth column of matrix A;

b(jy —jth column of matrix B;
C(s) — Sth column of matrix C;

d(sy — sth column of matrix D.

4 Conjugation is the method of expressing the prior and posterior distributions in the same form to simplify calculations.
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Figure 1. BSSM Overview
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Source: Beal, M. (2003). Variational Algorithms for Approximate Bayesian Inference. University of Cambridge.

In addition, for each row of matrix A, zero mean Gaussian prior has precision® equal to
diag(a). Each row of C matrix is given a zero mean Gaussian prior with precision equal
to diag(psy). The dependence of the precision of ¢(s) on the noise output precision ps
is motivated by conjugacy. Two more hyperparameter vectors  and § are placed on
the rows of the inputrelated matrices B and D. The covariances across the rows of A
and B matrices remain unchanged. However, the covariances within the rows of
matrices C and D may change as a result of ps . If the jth column of A become zero, the
jth column at time ¢ — 1 is not involved in generating the hidden state at time t.
However, jth hidden dimension is used in producing covariance structure in the data at
each time step.

BSSM is implemented in six steps. The first step is initialization, in which the
auxiliary hidden state is set, prior distribution® of parameters is specified, and the log

3 In the distributions, the precision is equal to the inverse of the variance, meaning that the product of the precision and the variance is
equal to one.

6 Prior distribution is the distribution of the parameters before any data are observed.
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marginal probability”’ is evaluated using Jensen’s inequality. The second step is
Variational Bayesian M-step (Maximisation). At this step, the optimal forms of the
posterior distributions of the parameters are determined and the natural parameter
vector is calculated. Next, in the Variational Bayesian E-step (Expectation), the
distributions of hidden state variables vector are determined. In the fourth step, the
lower bound on the marginal probability, the value of F is computed. The fifth is the
hyperparameter updating step, in which hyperparameters are adjusted to maximize
lower bound of the marginal probability. In the final step, the lower bound estimate of
the log marginal probability is compared with its previous value, and if the lower
bound has increased, the Variational Bayesian M-step is repeated. These
computational steps are continued iteratively until the lower bound estimate no longer
exceeds its previous value.

Initialization

At first, for time t = 0, auxiliary hidden state x is initialized. In this context, the
auxiliary hidden state x, follows Gaussian distribution with mean po, covariance X,
and prior distribution is defined as follows:

p(xol to, Zo) = N(xo| o, 20)
to ~ N(uol 0,b,,1)
%o ~ [1%21 Ga (35;| as,. bs,)

Where,

X — auxiliary hidden state;

Uo — mean of auxiliary hidden state;

¥, — covariance of auxiliary hidden state.

In this case, the prior of x; via the state dynamics process is denoted by the following:

p(x1| o, 2o, 0) = f dxo p(xol to,Zo) P(x1| X0, 0)
= N(xll A‘Llo + Bul, ATZOA + Q) .

7 Marginal probability is the likelihood of an event occurring independently of other events.
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For simplicity, the parameters are integrated into a single parameter vector
6 = (A,B,C,D,R). In addition, the dependence of A, B, C and D matrices with
hyperparameters is given by the following hyperprior distribution:

a ~ [1j- Ga (a)la), by
B ~Tl¢1Ga(Bolag) by
Yy ~ H?=1 Ga (v(play), by
§ ~ [1¢=1Ga (8ylas) bes))

The marginal probability takes the following form:
p(y1r) = [dAdBdC dD dp dxorp(A B,C,D,p, Xo.r, Y1)

Due to some conditional independencies between the parameters of the model, it is
possible to see how posterior distributions for the dynamics and output processes
decompose. The full joint probability for parameters, hidden variables and observed
data, taking into account the inputs, is given as follows:

p(Ar B, C, D, P, Xo.1» Y1:T |u1:T) =
p(Ala)p(BIB)p(pla, b)p(Clp,v)p(Dlp, §)p(xo] 1o, Zo)-
HIT;=1 p(xtl Xt—1) A, B, ut) p(ytl Xt C, D, p, ut)

Next, the dependence on the input sequence u,.r is dropped and inputs is left as
implicit. A distribution q(6, x) over the parameters and hidden variables is
introduced. By applying Jensen’s inequality lower bound the marginal probability is
estimated:

Inp(y;.r) = In (f dAdB dC dD dp dxor p(A,B,C,D,p,xo.1,y1.7) =

p(AB,C.D,p.Xo.T.Y1.T) _
fdA dB dC dD dp de:T CI(A, B; C; D; P, xO:T) In q(A,B,C,D,p,xq.T) =F

The next step in the variational approximation is to assume some approximate form
for the distribution gq(+). First, hidden variables and parameters are separated based on
conditional independency:

CI(A,B, C,D, P, xO:T) = qB(A: B, C} D, p)qx(XO:T)
Q(A,B, C,D, P, xO:T) = qAB(AIB) qCDp(CJDI p) Qx(xO:T) .
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To simplify the estimation of the lower bound of the log marginal probability, the
following terms of conditional probability are used:

qas(A,B) = qg(B) q4(A|B)
dcpp(C, D, p) = q,(p) ap(D|p) qc(CID, p)

Using the above terms, the lower bound of the log marginal probability, F is
expressed as the following sum:

p(4]a)

F=[dB qs(B) InECL) + [ dB q5(B) [ dA qu(4lB) In 2D+
p(pla, ) p( Ip, &)
fdpqp(!)) In ) + fdp qp(P) diqD(DIp) In OO

[ dp 4p(0) [ dD ap(DIp) [ dC qc(Clp,D) nZHLH,
jdXOZT Ax(Xo.r) Inqx (xo.7) + de qp(B) fd/l CIA(A|B)jdp qp(p)'

de QD(DLD)ij QC(ClpJD)jde:T qx(xo.r) Inp(x0.7,y1.714,B,C, D, p) =

F(qx(x();’r), 4B (B), da (AlB)r qp (,0), dp (D |,0); dc (C|,D, D))
H(qx(xO:T)) = - f dxo.7qx(Xo.7) Ingy (Xo.7)

The lower bound of the log marginal probability depends on the hyperparameters. The
optimum forms of these approximate posteriors can be found by setting functional
derivatives of F equal to zero with respect to each distribution over parameters and
hidden variable sequences.

Variational Bayesian M-step (Maximisation), VBM

In this step, the variational posterior distributions over the parameters are determined
by applying Bayesian theorem and from these the expected natural parameter vector is
computed. The posterior distribution is factorized in the following form:

qe(A,B,C,D,p) = [15.1 (b)) a(agy|bey) Mh=1 q(ps):
q(ds|ps)q(cslps, ds))

Where,
b¢jy — jth row of B matrix;



acjy — jthrow of A matrix;
d(s) — sthrow of D matrix;

C(s) — Sthrow of € matrix;

Some statistics of the input and output variable vectors, required for the calculations,
is defined as follows:

N T
U = Je=q1Us Ut

_ VT T
Uy = Di=1Ust V¢
G o VT T
Y = Xi=1Ye Ve

The sufficient statistics used to compute the posterior distributions of the parameters
and the natural parameter vector are obtained using the following equations:

Wy = Yty <XpoaXeq! > = Nt Yeoqem1 + 04"
Ga = Y=g < Xemq U = Nioq Wemq Ug”
M=3Yl_u <x">=Y_ u "

Sa = Vi1 < XeoqXe' > = Vi Veoqp +0pq0f”
We = Yie1 <xexe” >=X11 Y +wrw,”

T T
GC = < xt > utT = Z (Ut utT
t=1 t=1
— NT T _ VT T
Se = D=1 <Xt >Yr = Xi=1We Ve .

The posterior distributions for A and B are defined by the following equations:

qs(B) = [1f-1 N(bj)| Zzb(j), Z5)
qs(A|B) = ?:1 N(agj| Za [SA(j) - GAb(j)]'ZA)
>t =diag(a) + W,
231 = diag(p) + U- GI2,G,
B =M"-SI'%,G,
qa(4) = l_l}lN (acl Za [Say) = GaZsb(p) Za)
ZA = ZA + ZAGAZBGZ;ZA

Here, B( j) denotes jth row of B matrix, while S a(j) defines jth column of S, matrix.



Additionally, the posterior distributions over p, C and D are determined by the
following:

qp(p) = 5:1 Ga(ps| a+§»b +%Gss)
ap(D1p) = [I5-; N(d(s| Zpd(s), ps*Zp)
qc(CID,p) = [lh=y N(ces)l Z¢ [Ses) = Geds)) o5 2¢)
Yc' = diag(y) + W
Y51 = diag(6) + U — GIE.G,
G=Y— SIy.S.— Dxp,D"
D = U,” — SI'y.G,
qc(Clp) = Hf:l N(C(s)| X¢ [Sc(s) - GCZD&(s)]'Ps_lzc)
Sc = Zc + 3G EpGElE,

Here, J(S) and S¢ () denote sth row of D and sth column of S matrices, respectively.

In the Variational Bayesian M-step (Maximisation), ¢ () is considered the vector of
expected natrural parameters. These will then be used in the Variational Bayesian E-
step (Expectation) which infers the distribution g, (x,.7) over hidden states in the
system. The vector of relevant natural parameters is given by the following form:

9(0) = 9(4,B,C,D,R) = [A,ATA B,ATB,CTR™1C,
R™*¢, CTR™'D,BTB,R™%,In|R7Y|, DTR™D, R1D].
<A>=[S,—G,25BT]" 3,
<ATA >=<A>T<A> +k[Z4+ 2464256 24]
<B>= B3
<ATB >=3%,[S4<B>—-G,{<B>T<B> +kXz}]
<B"™B >=<B>T<B> +k¥

ap +T/2

<ps>=ps =
by + 0o

[ T GSS
<lIlnp,>= Ilnp, = ¥ (ap + E) — In(b, + 7)

< R1>=diag(p)
<C>= [Sc—GeEpDT]T 2,
<D >= D%,
<CTR™IC >= < C>T diag(p) <C > +p[2c+2ZcG:2pGLlE,]
<R7IC>= diag(p) < C >
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< CTR™ID >=3;[Scdiag(p) <D > — G, <D >T diag(p) <D > — pG:2p]
<R D >= diag(p) <D >
<D'R™D >=<D >Tdiag(p) <D > +p3p.

Here, <-> denotes expectation with respect to the variational posterior.

Variational Bayesian E-step (Expectation), VBE

The posterior distribution of the hidden state variable vector x,.r is jointly Gaussian
over the time steps, and the logarithm of the posterior distribution of the hidden state
vector is expressed as follows:

lnqx(xO:T) = - an + < lnp(A,B, C, D, P; xO:T! yl:T) >
= —InZ'+ < Inp(xy.7, y1.7| A, B,C,D, p) >
Z' = [dxy.r exp <Inp(xy.7,v1.7| A,B,C,D,p) >.
T

InZ'= > ¢/
t=1

’ 1 —1 v T -1 Tvy—1
In¢;" (y) = _E[< In|2nR| > —In [Z5 5 %] + Mo B Me1 — Mo Ze He

+yI' <R 1>y, -2y <R D >u,+ ul <D'R™ID >u,
— Ctline1— <ATB>u) 1 Ciline-1— < ATB>uy) .

a;(x;) is posterior over the hidden state at time t given observed data up to time ¢

(t =1{1,2,..,T}). At the same time, filtered mean L, and covariance X, of hidden
state a(x;) are estimated:

ar(xe) = p(xe| y1:e) -

In addition, recursion of a;(x;) with previous a;_;(x;_;) is formed as following form:

a,(x,) = fdx P(Xe—1| y1.e—1) PCel Xe— )P (el x1)
o i PYel Yr.e-1)
1

= %00 f dxe_qar—1(xe—1) D (Xe| Xe—1) Del x¢)

1
= j dxe 1 N(xp—q| -1, Ze—1) N(x¢| Axe—1, 1) N(y¢| Cx¢, R)

Gt (ve)
= N(x¢| ue Z¢)




Here, {;(y:) = p(y¢| V1.t—1) is the filtered output probability.

Xy = (Zt_—ll +ATA)_1
Xi_q = ;—1[2;—11111:—1 + ATxt]
L, =1+ CTR™1C — AZ;_lAT]_l
e = Z¢ [CTR_13’t + AZZ—lzt_—llp-t—l]-

At each step the normalising constant {;(y;) obtained as the denominator of a; (x;),
contributes to the calculation of the probability of the data. In this context, the
probability of the data can be written in the following form:

pir) = pYIPW2 y1) o el Yii—1) o Pl Y1ir-1) =
P M2 pWel Y1:0-1) = [i=1 3 e)

$ce) = Nl @, $e)
& = (R™*—R7'CE,CTR™HT!
@y = &R CZAZ 2 e -

With these distributions, the probability of each observation yt given the previous
observations in the sequence is computed, and predictive mean and variance are
assigned to the data at each time step as it arrives. However, this predictive
distribution will change once the hidden state sequence has been smoothed. To obtain
the posterior over the hidden state given all the data, the smoothed estimate y of the
hidden state is determined. In particular, y; (x;) = p(x:|y;.7), the smoothed estimate
of the hidden state, is expressed as follows:

Ye(xe) = p(xel yir) = jdxt+1 (X, Xet1| Y1.1)
= _[ dxerq POel Xp41, Y1.7)P K41l Ya1)

= j Axeyr DO Xeg1, Y1.0)P (X1 | Yao1)

_ jdle POl y1.0P(Xega ] x¢)
Jdx'e p(x'e] y1.0)p (K] X')
= fdxt+1[ rl%e) ploeralXe) Ye+1(Xes1)
fdx't a(x'e) p(xesqlx’s)
Ye(xe) = N(x¢| wg, Yer)
K, = (Yt_+11,t+1 + AZ:AT)_l

p(xei1l Y1.1)
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Y = [2;_1 - ATKtA]_l
wr = Yo [ e + ATKe(Yii er1 0o — AZEE )]

In this case, once the data at time t, y; has been filtered, a;(x;) is used instead of
hidden variables.

To estimate the states at different time steps, parallel recursion S;(x;) = (Vi 1.71%¢)
is calculated:

Be—1(xe—1) = fdxt p(xel xe— ) Pl x )P Yegrr| X)) =
fdxt el xe—1) el ) Be(x) © N(x—1]| N1, Pe-1) -

Br(x7) = 11is defined in ;' = 0 form to satisfy the end condition. The recursion
proceeds from t = T to t = 1. At the last step of this recursion, the probability of all
data on the auxiliary hidden state variable x, is determined:

p* = (I+CTR'C+y, H)!
VY4 = [ATA — AT ‘IQ”‘A]‘1
Ne-1 = ¥Prq ATlpt*[CTR_llﬁr + lIjt_177t] .

Using the formulas presented above, {n;, ¥;}I_, is computed over the interval from
t=0tot=T.

In the Variational Bayesian scenario the marginals cannot be obtained easily with
backward sequential pass and instead they are computed by combining a and 8
messages described as follows. In particular, w; and Y ; are computed for

t = {0,1,2,...,T — 1} in the following form:

p(x¢| yir) © 0(Xe| Y1.)PVewrr] X¢) =
ar(x) Pe(xe) = N(x¢| we, Yer)
Yt,t = [Zt_l + lPt_l]_1
wr = Yer [Z{lut + ‘l’t_lm] .

Fort = {0,1,2,...,T- 1} taking into account all observations, the cross-covariance of
the hidden variable vector, Y, ;41, 1s defined as follows:

— y* AT
Yeerr = ZeA Vesre41-
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Calculation of the lower bound on the log marginal probability

Due to the complexity of directly computing the log marginal probability, its lower
bound is evaluated and denoted by F as the estimate of the lower bound of the log
marginal probability. As this estimate of the lower bound of the log marginal
probability is itself a complex function, it is derived through several steps and
ultimately expressed as a simplified summ.

KL (Kullback-Leibler) is divergence between two normal or two gamma distributions
over the same variables and computed using the following equations for a pair of
variables | and K:

k) = [arq0) ln%

qUIK)
pUJIK)

< KL(IK) >4 = de q(K) KL(J|K)

KL{IK) = f d] qU1K) In

Where,

KL(J) — KL divergence,

KL(J|K) — conditional KL,

< KL(J|K) >g4) — expected conditional KL.

By applying these equations, F can be redefined in the following form:

F = —KL(B) — < KL(A| B) >q8)— KL(p) — < KL(D|p) >
< KL(C| p,D) >q4(p,py+ H(qx(x0:r)) +
<Inp(xy.7,y1.71 A,B,C,D, p) > q(AB,C.D,p)q(x1.T) -

H(qx(xO:T)) = - jde:T qx(Xo.7) Ing, (x0.7) =

qlp) —

— f dxo.r qx(Xo.r)[—InZ" + <Inp(xo.r,y1.7| A, B,C,D,p,19,Z0) >q,0a5.0.0)]
= InZ' — <Inp(xo.r,y1.7| A, B,C,D, p, 19, Zo) > q6(A,B,C,D,p)qx(Xo.T)
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Using H(q,(xy.7)), the equation for F is transformed into the following simplified
form, which facilitates its computation:

F = —KL(B) —< KL(A| B) >aq(B)~ KL(p) —< KL(D| p) >q(p)
< KL(C' P, D) >q(p,D) + In Z'.

Updating hyperparameters

The hyperparameters a, 5, v, 8, a, b, and the prior parameters £, and y,, are updated
to maximise the lower bound on the marginal probability. In this context,
hyperparameters is updated as follows:

1
@t - [kZ4 + Z4[SaSa"-2G, < B >T S," +
Gu{kZs + < B >T< B >}G,"]1%4];;

-1 1 T

1
R 22 Zc[Scdiag(p)Sc" — 2Scdiag(p) <D > G¢' + pGeIpGe' +
Ge <D > diag(p) <D > Gc']2c)j

1
571« E[pZD + < D >" diag(p) <D >];;

Here, [-];; denotes (j, j)th element of matrix [-].
In order to maximise the probability of the hidden state sequence under the prior, the
hyperparameters of the prior over the auxiliary hidden state are set according to the

distribution of the smoothed estimate of x:

Zo < Yoo

Ho < Wy
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The hyperparameters a and b governing the prior distribution over the output noise,
R = diag(p), are set to the fixed point of the equations:

¥(@) = Inb +-37_, In p,

S| -

_1gpr =
—p_azs=1ps

Comparison of the lower bound estimates on the log marginal probability

As the estimate of the lower bound of the log marginal probability is determined, in the
final step, this estimate is compared with its value from the previous iteration. If the
lower bound has increased relative to its value in the preceding iteration, the
computations are repeated starting from the Variational Bayesian M-step. This iterative
process continues until the lower bound no longer increases. When the estimate of the
lower bound on the log marginal probability remains unchanged from its previous
value, it 1s considered to have reached its optimal value. At this stage, the parameters
obtained through the hyperparameters also achieve their optimal values. Based on the
identified parameters and the hidden variables, the observable endogenous variable Y
1s estimated.
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