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State Space Model 
 

 

Abstract 

This methodological framework examines the State Space Model (SSM), which 
consists of equations describing the relationships between observable and unobservable 
variables. In particular, the unknown parameters characterising these relationships are 
estimated using maximum likelihood in conjunction with the Kalman filter. The 
Kalman filter is a recursive algorithm that enables the estimation of unobservable state 
variables based on observed data. The objective of this article is to assess the 
applicability of an additional modelling approach for estimating the fundamental value 
of housing prices and to support a comprehensive analysis of Uzbekistan’s real estate 
market based on international experience. 

Keywords: Bayes theorem, Kalman filter, covariance matrix, maximum likelihood, 
density function. 
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State Space Model 

The SSM1 serves to theoretically estimate the value of a endogenous variable by 
determining the linear correlation function between the variables. This model consists 
of an observable or measurement equation representing the level of interdependence 
of observable and unobservable variables and a transition equation representing 
dynamic state variables:  

 
𝑦𝑦𝑡𝑡 = 𝐻𝐻𝑡𝑡𝑧𝑧𝑡𝑡 + 𝐺𝐺𝑡𝑡𝑥𝑥𝑡𝑡 + 𝑣𝑣𝑡𝑡 

𝑧𝑧𝑡𝑡 = 𝐵𝐵𝑡𝑡−1𝑧𝑧𝑡𝑡−1 + 𝐹𝐹𝑡𝑡−1𝑥𝑥𝑡𝑡−1 + 𝑤𝑤𝑡𝑡−1 
 

Here, 𝑦𝑦𝑡𝑡 is a vector of observable endogenous variables, 𝑥𝑥𝑡𝑡 is a vector of observable 
exogenous variables, 𝑧𝑧𝑡𝑡 is a state vector, 𝑣𝑣𝑡𝑡 is a vector of measurement errors, 𝑤𝑤𝑡𝑡 is a 
vector of transition equation errors, 𝐻𝐻𝑡𝑡, 𝐺𝐺𝑡𝑡, 𝐵𝐵𝑡𝑡 and 𝐹𝐹𝑡𝑡 are matrices of estimated 
coefficients. 

The estimated coefficients representing the relationships between endogenous, 
exogenous and state variables in this model are estimated by maximum likelihood 
using the Kalman filter. 

Kalman filter 

A Kalman filter is a mathematical algorithm that recursive estimates unobservable 
variables with observable ones. In this case, the values of conditional expected 
unobserved state variables 𝑧𝑧𝑡𝑡|𝑡𝑡 and conditional covariance matrix Ω𝑡𝑡|𝑡𝑡 depending on 
the data up to this period are determined for each 𝑡𝑡 period through the Kalman filter. 

The following additional notation in stating the Kalman filter recursions: 

 
 𝑧𝑧𝑡𝑡|𝑠𝑠 ≔ 𝐸𝐸( 𝑧𝑧𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑠𝑠), 

 ∑ (𝑡𝑡|𝑠𝑠) ≔ 𝐶𝐶𝐶𝐶𝐶𝐶( 𝑧𝑧𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑠𝑠),𝑧𝑧  
 𝑦𝑦𝑡𝑡|𝑠𝑠 ≔ 𝐸𝐸( 𝑦𝑦𝑡𝑡| 𝑦𝑦1, . . . , 𝑦𝑦𝑠𝑠), 

 ∑ (𝑡𝑡|𝑠𝑠) ≔ 𝐶𝐶𝐶𝐶𝐶𝐶( 𝑦𝑦𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑠𝑠),𝑦𝑦  
(𝑧𝑧|𝑦𝑦)~𝑁𝑁(𝜇𝜇,∑). 

 
Under the previously stated conditions, the normality assumption implies:  

 
 

1 Lütkepohl, H. (2005). New Introduction to Multiple Time Series Analysis. Springer Science & Business Media. 

https://doc.lagout.org/science/0_Computer%20Science/3_Theory/Mathematics/New%20Introduction%20to%20Multiple%20Time%20Series%20Analysis.pdf
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( 𝑧𝑧𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑡𝑡−1)~𝑁𝑁( 𝑧𝑧𝑡𝑡|𝑡𝑡−1,∑ (𝑡𝑡|𝑡𝑡 − 1))𝑧𝑧 , 𝑡𝑡 =  2, . . . ,𝑇𝑇 
( 𝑧𝑧𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑡𝑡)~𝑁𝑁( 𝑧𝑧𝑡𝑡|𝑡𝑡 ,∑ (𝑡𝑡|𝑡𝑡))𝑧𝑧 , 𝑡𝑡 =  1, . . . ,𝑇𝑇 

( 𝑦𝑦𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑡𝑡−1)~𝑁𝑁( 𝑦𝑦𝑡𝑡|𝑡𝑡−1,∑ (𝑡𝑡|𝑡𝑡 − 1))𝑦𝑦 , 𝑡𝑡 =  2, . . . ,𝑇𝑇 
 ( 𝑧𝑧𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑇𝑇)~𝑁𝑁( 𝑧𝑧𝑡𝑡|𝑇𝑇 ,∑ (𝑡𝑡|𝑇𝑇)) 𝑧𝑧  

( 𝑦𝑦𝑡𝑡| 𝑦𝑦1, . . . ,𝑦𝑦𝑇𝑇)~𝑁𝑁( 𝑦𝑦𝑡𝑡|𝑇𝑇 ,∑ (𝑡𝑡|𝑇𝑇)),𝑦𝑦  𝑡𝑡 >  𝑇𝑇. 
 
The unobservable variables and covariance matrices are determined by the prediction, 
correction and forecasting steps after running the Kalman filter.  
A Kalman filter is run by entering the initial values of the unobservable variables and 
covariance matrices:  

 
𝑧𝑧0|0 ≔ 𝜇𝜇0 , ∑  (0|0) ≔ ∑  0  𝑧𝑧  

 
The prediction step of the Kalman filter (1 ≤ 𝑡𝑡 ≤  𝑇𝑇): 
 

 𝑧𝑧𝑡𝑡|𝑡𝑡−1 = B𝑧𝑧𝑡𝑡−1|𝑡𝑡−1 + F𝑥𝑥𝑡𝑡−1, 
 ∑ (𝑡𝑡|𝑡𝑡 − 1) = B∑ (𝑡𝑡 − 1|𝑡𝑡 − 1)B′ + ∑ ,𝑤𝑤𝑧𝑧  𝑧𝑧  

 𝑦𝑦𝑡𝑡|𝑡𝑡−1 = H𝑡𝑡 𝑧𝑧𝑡𝑡|𝑡𝑡−1 + G𝑥𝑥𝑡𝑡, 
 ∑ (𝑡𝑡|𝑡𝑡 − 1) = H𝑡𝑡 ∑ (𝑡𝑡|𝑡𝑡 − 1)H′𝑡𝑡 + ∑ .𝑣𝑣𝑧𝑧𝑦𝑦  

 
The correction step of the Kalman filter (1 ≤ 𝑡𝑡 ≤  𝑇𝑇): 
 

 𝑧𝑧𝑡𝑡|𝑡𝑡 =  𝑧𝑧𝑡𝑡|𝑡𝑡−1 + P𝑡𝑡(𝑦𝑦𝑡𝑡 −  𝑦𝑦𝑡𝑡|𝑡𝑡−1), 
 ∑ (𝑡𝑡|𝑡𝑡) = ∑ (𝑡𝑡|𝑡𝑡 − 1)−P𝑡𝑡  ∑ (𝑡𝑡|𝑡𝑡 − 1)P′𝑡𝑡 ,𝑦𝑦𝑧𝑧  𝑧𝑧  

P𝑡𝑡 ≔ ∑ (𝑡𝑡|𝑡𝑡 − 1)H′𝑡𝑡 ∑ (𝑡𝑡|𝑡𝑡 − 1)−1.𝑦𝑦𝑧𝑧   
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Figure 1. Kalman filter recursions 

Source: Lütkepohl, H. (2005). New Introduction to Multiple Time Series Analysis. Springer Science & Business Media. 
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𝑧𝑧0|0 = 𝜇𝜇0 

∑𝑧𝑧(0|0) =  ∑0 

 

𝑧𝑧𝑡𝑡−1|𝑡𝑡−1 

∑𝑧𝑧(𝑡𝑡 − 1|𝑡𝑡 − 1) 

𝑧𝑧𝑡𝑡|𝑡𝑡−1 

∑𝑧𝑧(𝑡𝑡|𝑡𝑡 − 1) 

 

𝑦𝑦𝑡𝑡|𝑡𝑡−1 

∑𝑦𝑦(𝑡𝑡|𝑡𝑡 − 1) 

⋮ 

𝑧𝑧𝑡𝑡|𝑡𝑡 

∑𝑧𝑧(𝑡𝑡|𝑡𝑡) 

⋮ 

𝑧𝑧𝑡𝑡|𝑇𝑇 

∑𝑧𝑧(𝑡𝑡|𝑇𝑇) 
 

𝑦𝑦𝑡𝑡|𝑇𝑇 

∑𝑦𝑦(𝑡𝑡|𝑇𝑇) 

⋮ 

https://doc.lagout.org/science/0_Computer%20Science/3_Theory/Mathematics/New%20Introduction%20to%20Multiple%20Time%20Series%20Analysis.pdf
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After running the Kalman filter, the prediction and correction steps are performed for 
the period 𝑡𝑡 = 1. The steps of prediction and correction are repeated successively for 
subsequent periods as well. 

The last forecasting step of the Kalman filter is 𝑡𝑡 > 𝑇𝑇: 
 

 𝑧𝑧𝑡𝑡|𝑇𝑇 = B𝑧𝑧𝑡𝑡−1|𝑇𝑇 + F𝑥𝑥𝑡𝑡−1, 
 ∑ (𝑡𝑡|𝑇𝑇) = B∑ (𝑡𝑡 − 1|𝑇𝑇)B′ + ∑ ,𝑤𝑤𝑧𝑧  𝑧𝑧  

 𝑦𝑦𝑡𝑡|𝑇𝑇 = H𝑡𝑡 𝑧𝑧𝑡𝑡|𝑇𝑇 + G𝑥𝑥𝑡𝑡, 
 ∑ (𝑡𝑡|𝑇𝑇) = H𝑡𝑡 ∑ (𝑡𝑡|𝑇𝑇)H′𝑡𝑡 + ∑ .𝑣𝑣𝑧𝑧  𝑦𝑦  

 
The forecasting step may be carried out recursively for 𝑡𝑡 = 𝑇𝑇 + 1,𝑇𝑇 + 2, … . 

The vectors of estimated coefficients used in the steps of the Kalman filter are estimated 
using the maximum likelihood function. 

Maximum likelihood estimation 

The time invariant vector 𝛿𝛿(𝐵𝐵,𝐹𝐹,𝐺𝐺,𝐻𝐻𝑡𝑡 ,∑𝑤𝑤,∑𝑣𝑣,∑0, 𝜇𝜇0) are uniquely determined and 
at least twice continuously differentiable with respect to elements of 𝛿𝛿. 

To determine the unknown parameters, a log-likelihood function is first created and 
the maximum value of this function is estimated. 

According to Bayes’ theorem, the sample density function has the following form: 
 
𝑓𝑓(𝑦𝑦1, … ,𝑦𝑦𝑇𝑇; 𝛿𝛿) = 𝑓𝑓(𝑦𝑦1; 𝛿𝛿)𝑓𝑓(𝑦𝑦2, … ,𝑦𝑦𝑇𝑇|𝑦𝑦1; 𝛿𝛿) 

  ⋮  
    = 𝑓𝑓(𝑦𝑦1; 𝛿𝛿) 𝑓𝑓(𝑦𝑦1|𝑦𝑦2; 𝛿𝛿) ⋯  𝑓𝑓(𝑦𝑦𝑇𝑇|𝑦𝑦1, . . . ,𝑦𝑦𝑇𝑇−1; 𝛿𝛿).  

 
Also, the Gaussian log-likelihood function for 𝐾𝐾 dimensional 𝑦𝑦𝑡𝑡 is expressed by the 
logarithmic value of the multiplication of density functions as follows: 

 
 ln 𝑙𝑙 (𝛿𝛿|𝑦𝑦1, … , 𝑦𝑦𝑇𝑇) = ln 𝑓𝑓(𝑦𝑦1, … , 𝑦𝑦𝑇𝑇; 𝛿𝛿) 

     = ln𝑓𝑓(𝑦𝑦1; 𝛿𝛿) + ∑ ln𝑓𝑓(𝑦𝑦𝑡𝑡|𝑦𝑦1, … , 𝑦𝑦𝑡𝑡−1; 𝛿𝛿)𝑇𝑇
𝑡𝑡=2  

     = −𝐾𝐾𝐾𝐾
2

 ln(2𝜋𝜋)− 1
2
� ln|𝛴𝛴𝑦𝑦(𝑡𝑡|𝑡𝑡 − 1)|𝑇𝑇

𝑡𝑡=1   

     −1
2
� �𝑦𝑦𝑡𝑡 − 𝑦𝑦𝑡𝑡|𝑡𝑡−1�

′𝑇𝑇

𝑡𝑡=1
𝛴𝛴𝑦𝑦(𝑡𝑡|𝑡𝑡 − 1)−1�𝑦𝑦𝑡𝑡 − 𝑦𝑦𝑡𝑡|𝑡𝑡−1� 
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This log-likelihood function uses the following as starting values: 
 

𝑦𝑦1|0 ≔ 𝐸𝐸(𝑦𝑦1) 
𝛴𝛴𝑦𝑦(1|0) ≔ 𝐶𝐶𝐶𝐶𝐶𝐶(𝑦𝑦1) 

(𝑦𝑦𝑡𝑡|𝑦𝑦1, … , 𝑦𝑦𝑡𝑡−1) ~ 𝒩𝒩�𝑦𝑦𝑡𝑡|𝑡𝑡−1,𝛴𝛴𝑦𝑦(𝑡𝑡|𝑡𝑡 − 1)� 

𝑡𝑡 =  1, . . . ,𝑇𝑇 
 
After determining the parameter vector 𝛿𝛿, all the quantities in the log-likelihood 
function can be computed with the Kalman filter recursions. 

To simplify the representation of the log-likelihood function, the following notation is 
introduced: 
 

𝑒𝑒𝑡𝑡(𝛿𝛿) ≔ 𝑦𝑦𝑡𝑡 − 𝑦𝑦𝑡𝑡|𝑡𝑡−1 
𝛴𝛴𝑡𝑡(𝛿𝛿) ≔ 𝛴𝛴𝑦𝑦(𝑡𝑡|𝑡𝑡 − 1) 

 
The log-likelihood function will have the following form through the given notations: 

 

𝑙𝑙𝑙𝑙 𝑙𝑙 (𝛿𝛿) = −
𝐾𝐾𝐾𝐾
2  𝑙𝑙𝑙𝑙(2𝜋𝜋) −

1
2�[𝑙𝑙𝑙𝑙|𝛴𝛴𝑡𝑡(𝛿𝛿)| + 𝑒𝑒𝑡𝑡(𝛿𝛿)′𝛴𝛴𝑡𝑡(𝛿𝛿)−1𝑒𝑒𝑡𝑡(𝛿𝛿)]

𝑇𝑇

𝑡𝑡=1

 

 
There are different ways to estimate the unknown parameters at their maximum 
values of the log-likelihood function. In particular, the values of the parameters that 
maximize the log-likelihood can be determined by taking special derivatives with 
respect to the unknown parameters and equalizing them to zero. 


