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State Space Model

Abstract

This methodological framework examines the State Space Model (SSM), which
consists of equations describing the relationships between observable and unobservable
variables. In particular, the unknown parameters characterising these relationships are
estimated using maximum likelihood in conjunction with the Kalman filter. The
Kalman filter is a recursive algorithm that enables the estimation of unobservable state
variables based on observed data. The objective of this article is to assess the
applicability of an additional modelling approach for estimating the fundamental value
of housing prices and to support a comprehensive analysis of Uzbekistan’s real estate
market based on international experience.
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State Space Model

The SSM! serves to theoretically estimate the value of a endogenous variable by
determining the linear correlation function between the variables. This model consists
of an observable or measurement equation representing the level of interdependence
of observable and unobservable variables and a transition equation representing
dynamic state variables:

Ve = Hezp + Gexe + v
Ze =Bi 1z g+ Frqgxp g + Wy

Here, y; is a vector of observable endogenous variables, x; is a vector of observable
exogenous variables, z; is a state vector, v; is a vector of measurement errors, w; is a
vector of transition equation errors, Hy, G;, B; and F; are matrices of estimated
coefficients.

The estimated coefficients representing the relationships between endogenous,
exogenous and state variables in this model are estimated by maximum likelihood
using the Kalman filter.

Kalman filter

A Kalman filter is a mathematical algorithm that recursive estimates unobservable
variables with observable ones. In this case, the values of conditional expected
unobserved state variables z;|; and conditional covariance matrix ();|; depending on

the data up to this period are determined for each t period through the Kalman filter.

The following additional notation in stating the Kalman filter recursions:

Zys = ECZel Y1, Y5),
2z(tls) = Cov(z| y1,..-, ¥s),
Veis = EQyel Y1, ¥),
2y(tls) = Cov(ye| y1,...,¥s),

(z|y)~N(u ).

Under the previously stated conditions, the normality assumption implies:

! Liitkepohl, H. (2005). New Introduction to Multiple Time Series Analysis. Springer Science & Business Media.
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Czel y1r oo Ye-1)~N(Zge-1, 2(EIE = 1)), t = 2,...,T
(ze|l Y100 YI~N( 2z, 22(E[0), £ = 1,...,T
(Yel Y1 Ve N (Yepe-1, 2y (ElE = 1), t = 2,...,T
(zel Y1, yr)~N( 2gr, 2. (EIT))

(el y1,- 0 yr)~N(yer 2y (EIT)), t > T,

The unobservable variables and covariance matrices are determined by the prediction,
correction and forecasting steps after running the Kalman filter.

A Kalman filter is run by entering the initial values of the unobservable variables and
covariance matrices:

Zolo *= Mo » Yz (0]0) =2,
The prediction step of the Kalman filter (1 <t < T):

Zejt—1 = BZp_qje—1 + Fx¢_q,

Zz(tlt - 1) = BZz(t - 1|t - 1)B, + ZW;
Ytit-1 = He Zgje—1 + Gxg,

2y(tlt —1) = H, X,(t|t — DH', + X,
The correction step of the Kalman filter (1 <t < T):

Zye = Zgt-1 t P.(y: — ytlt—l)a
2(tlt) = X, (tlt — D—P X, (t]lt — DP',,
P, = X, (t]t — DH', 3, (¢lt — 1),



Figure 1. Kalman filter recursions
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Source: Liitkepohl, H. (2005). New Introduction to Multiple Time Series Analysis. Springer Science & Business Media.


https://doc.lagout.org/science/0_Computer%20Science/3_Theory/Mathematics/New%20Introduction%20to%20Multiple%20Time%20Series%20Analysis.pdf

After running the Kalman filter, the prediction and correction steps are performed for
the period t = 1. The steps of prediction and correction are repeated successively for
subsequent periods as well.

The last forecasting step of the Kalman filteris t > T

Zyr = Bze_qr + Fxp_q,

2:(tIT) =BY,(t —1|T)B" + X,
Yeir = He zgr + Gxg,

2y(tIT) = H X, (¢|TH' s + 2o

The forecasting step may be carried out recursively fort =T + 1,T + 2, ....

The vectors of estimated coefficients used in the steps of the Kalman filter are estimated
using the maximum likelihood function.

Maximum likelihood estimation

The time invariant vector §(B, F, G, Hy, Y, Yoy Do0r Ho) are uniquely determined and
at least twice continuously differentiable with respect to elements of 4.

To determine the unknown parameters, a log-likelihood function is first created and
the maximum value of this function is estimated.

According to Bayes’ theorem, the sample density function has the following form:
f1 e y1:6) = fF(;6)f V2, o, Yrly1; 6)

=fi;0) fily26) -~ frlyn.., yr-1;6).

Also, the Gaussian log-likelihood function for K dimensional y; is expressed by the
logarithmic value of the multiplication of density functions as follows:

lnl (5|y11 ---:yT) = lnf(yli "'JyT;S)

=Inf(y1;6) + XicaIn fWelya, oos Ye-1;6)
T
= —% In(27) —% >, In| Z,(tlt — 1)

T !
_%thl(% — yt|t—1) 2, (]t — 1)_1(% — yt|t—1)



This log-likelihood function uses the following as starting values:

Yijo = E(y.)
2, (110) = Cov(y,)
Welyis o Ye—1) ~ N (yt|t—112y(t|t — 1))
t=1,...,T

After determining the parameter vector &, all the quantities in the log-likelihood
function can be computed with the Kalman filter recursions.

To simplify the representation of the log-likelihood function, the following notation is
introduced:

ec(8) ==y — Vt|t-1
2.(8) =2, (tlt—1)

The log-likelihood function will have the following form through the given notations:

Inl(8) = ——- ln(Zﬂ) - %Z In|2, (&) + e.(8) £.(8) e (8)]
t=1

There are different ways to estimate the unknown parameters at their maximum
values of the log-likelihood function. In particular, the values of the parameters that
maximize the log-likelihood can be determined by taking special derivatives with
respect to the unknown parameters and equalizing them to zero.



