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Cubic Spline Interpolation 
 

 
Abstract 

This methodological framework examines the construction of a piecewise cubic 
function with continuous first and second derivatives that passes through a given set of 
data points. Cubic spline interpolation uses the interpolation conditions at the data 
points and the continuity of the first and second derivatives across adjacent intervals to 
determine the unknown coefficients of the cubic polynomials. The objective of this 
article is to improve the accuracy of temporal disaggregation by converting annual or 
quarterly data into higher-frequency monthly or quarterly data using cubic spline 
interpolation. 
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1 

Cubic Spline Interpolation 

Cubic spline interpolation1 is a method of generating a third degree continuous 
piecewise function that passes through multiple points. The function determined by 
this method serves to more accurately represent the data between the points. 

A continuous piecewise function passing through several points according to the 
cubic spline interpolation methodology2 is expressed as: 

 

𝑆𝑆(𝑥𝑥) = �

𝑠𝑠1(𝑥𝑥) 𝑖𝑖𝑖𝑖 𝑥𝑥1 ≤ 𝑥𝑥 ≤ 𝑥𝑥2
𝑠𝑠2(𝑥𝑥) 𝑖𝑖𝑖𝑖 𝑥𝑥2 ≤ 𝑥𝑥 ≤ 𝑥𝑥3

⋮
𝑠𝑠𝑛𝑛−1(𝑥𝑥) 𝑖𝑖𝑖𝑖 𝑥𝑥𝑛𝑛−1 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑛𝑛

 

 
𝑠𝑠𝑖𝑖(𝑥𝑥) = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖)3 + 𝑏𝑏𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2 + 𝑐𝑐𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖) + 𝑑𝑑𝑖𝑖 

𝑖𝑖 = 1, 2, … ,𝑛𝑛 − 1 
 

Here, 𝑠𝑠𝑖𝑖 is a third degree polynomial, 𝑛𝑛 is number of points, 𝑥𝑥𝑛𝑛 are data points, 𝑎𝑎𝑖𝑖 , 𝑏𝑏𝑖𝑖 ,  𝑐𝑐𝑖𝑖 
and 𝑑𝑑𝑖𝑖 are coefficients. 

The first and second derivatives are obtained from the above third degree polynomial:  
 

𝑠𝑠𝑖𝑖′(𝑥𝑥) = 3𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖)2 + 2𝑏𝑏𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖) + 𝑐𝑐𝑖𝑖 
𝑠𝑠𝑖𝑖′′(𝑥𝑥) = 6𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑥𝑥𝑖𝑖) + 2𝑏𝑏𝑖𝑖 

𝑖𝑖 = 1, 2, … ,𝑛𝑛 − 1 
 
Also, when determining the coefficients in the function, the properties of cubic spline 
interpolation are used: the piecewise function 𝑆𝑆(𝑥𝑥) will interpolate at all data points, 
the function 𝑆𝑆(𝑥𝑥), and the first and second derivatives of this function will be 
continuous on the interval [𝑥𝑥1, 𝑥𝑥𝑛𝑛]. 

Due to the fact that the function 𝑆𝑆(𝑥𝑥) will interpolate at all of the data points, the 
following equality holds: 

 

 
1 A third order continuous curve with continuous derivatives passing through a given set of points. 
2 McKinley, S., & Levine, M. (1998). Cubic Spline Interpolation. 

https://www.rajgunesh.com/resources/downloads/numerical/cubicsplineinterpol.pdf


2 

𝑠𝑠𝑖𝑖(𝑥𝑥𝑖𝑖) = 𝑎𝑎𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖)3 + 𝑏𝑏𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖)2 + 𝑐𝑐𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖) + 𝑑𝑑𝑖𝑖 
𝑠𝑠𝑖𝑖(𝑥𝑥𝑖𝑖) = 𝑑𝑑𝑖𝑖 

 

According to the property that a piecewise function must be continuous across its 
entire interval, each sub-function must join at the data points:  

 

𝑠𝑠𝑖𝑖(𝑥𝑥𝑖𝑖) = 𝑠𝑠𝑖𝑖−1(𝑥𝑥𝑖𝑖) 
𝑖𝑖 = 2, … ,𝑛𝑛 

𝑠𝑠𝑖𝑖−1(𝑥𝑥𝑖𝑖) = 𝑎𝑎𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1)3 + 𝑏𝑏𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1)2 + 𝑐𝑐𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1) + 𝑑𝑑𝑖𝑖−1 
𝑑𝑑𝑖𝑖 = 𝑎𝑎𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1)3 + 𝑏𝑏𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1)2 + 𝑐𝑐𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1) + 𝑑𝑑𝑖𝑖−1 

𝑖𝑖 = 2, … ,𝑛𝑛 − 1 
ℎ = 𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1 

𝑑𝑑𝑖𝑖 = 𝑎𝑎𝑖𝑖−1ℎ3 + 𝑏𝑏𝑖𝑖−1ℎ2 + 𝑐𝑐𝑖𝑖−1ℎ + 𝑑𝑑𝑖𝑖−1 
 

According to the property that the first-order derivative of the function 𝑆𝑆(𝑥𝑥) must be 
continuous on the interval [𝑥𝑥1, 𝑥𝑥𝑛𝑛], the following equations are formed: 

 
 
 

𝑠𝑠𝑖𝑖′(𝑥𝑥𝑖𝑖) = 𝑠𝑠𝑖𝑖−1′ (𝑥𝑥𝑖𝑖) 
𝑠𝑠𝑖𝑖′(𝑥𝑥𝑖𝑖) = 3𝑎𝑎𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖)2 + 2𝑏𝑏𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖) + 𝑐𝑐𝑖𝑖 

𝑠𝑠𝑖𝑖′(𝑥𝑥𝑖𝑖) = 𝑠𝑠𝑖𝑖−1′ (𝑥𝑥𝑖𝑖) = 𝑐𝑐𝑖𝑖 
𝑐𝑐𝑖𝑖 = 3𝑎𝑎𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1)2 + 2𝑏𝑏𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1) + 𝑐𝑐𝑖𝑖−1 

𝑐𝑐𝑖𝑖 = 3𝑎𝑎𝑖𝑖−1ℎ2 + 2𝑏𝑏𝑖𝑖−1ℎ + 𝑐𝑐𝑖𝑖−1 
 
Based on the property of the second derivative of the function 𝑆𝑆(𝑥𝑥) must be 
continuous on the interval [𝑥𝑥1, 𝑥𝑥𝑛𝑛], that is defined as: 

 
𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑠𝑠𝑖𝑖−1′′ (𝑥𝑥𝑖𝑖) 

𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖+1) = 𝑠𝑠𝑖𝑖+1′′ (𝑥𝑥𝑖𝑖+1) 
𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 6𝑎𝑎𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖) + 2𝑏𝑏𝑖𝑖 
𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑠𝑠𝑖𝑖−1′′ (𝑥𝑥𝑖𝑖) = 2𝑏𝑏𝑖𝑖 

2𝑏𝑏𝑖𝑖 = 6𝑎𝑎𝑖𝑖−1(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1) + 2𝑏𝑏𝑖𝑖−1 
2𝑏𝑏𝑖𝑖 = 6𝑎𝑎𝑖𝑖−1ℎ + 2𝑏𝑏𝑖𝑖−1 
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2𝑏𝑏𝑖𝑖+1 = 6𝑎𝑎𝑖𝑖ℎ + 2𝑏𝑏𝑖𝑖 
 

The above expressions are simplified by substituting 𝑀𝑀𝑖𝑖 for 𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖): 
 

𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 2𝑏𝑏𝑖𝑖 
𝑀𝑀𝑖𝑖 = 2𝑏𝑏𝑖𝑖 

𝑏𝑏𝑖𝑖 =
𝑀𝑀𝑖𝑖

2  

 
The value 𝑑𝑑𝑖𝑖 is equal to the value of the function 𝑆𝑆(𝑥𝑥) at the point 𝑥𝑥𝑖𝑖 
(𝑠𝑠𝑖𝑖(𝑥𝑥𝑖𝑖) = 𝑑𝑑𝑖𝑖). Also, the value of 𝑎𝑎𝑖𝑖 is re-written by the above designations: 

 
2𝑏𝑏𝑖𝑖+1 = 6𝑎𝑎𝑖𝑖ℎ + 2𝑏𝑏𝑖𝑖 
6𝑎𝑎𝑖𝑖ℎ = 2𝑏𝑏𝑖𝑖+1 − 2𝑏𝑏𝑖𝑖 

𝑎𝑎𝑖𝑖 =
2𝑏𝑏𝑖𝑖+1 − 2𝑏𝑏𝑖𝑖

6ℎ  

𝑎𝑎𝑖𝑖 =
2 �𝑀𝑀𝑖𝑖+1

2 � − 2 �𝑀𝑀𝑖𝑖
2 �

6ℎ  

𝑎𝑎𝑖𝑖 =
𝑀𝑀𝑖𝑖+1 −𝑀𝑀𝑖𝑖

6ℎ  

 
The value of 𝑐𝑐𝑖𝑖 is re-written by the entered designations: 

 
𝑑𝑑𝑖𝑖+1 = 𝑎𝑎𝑖𝑖ℎ3 + 𝑏𝑏𝑖𝑖ℎ2 + 𝑐𝑐𝑖𝑖ℎ + 𝑑𝑑𝑖𝑖 
𝑐𝑐𝑖𝑖ℎ = 𝑑𝑑𝑖𝑖+1 − 𝑎𝑎𝑖𝑖ℎ3 − 𝑏𝑏𝑖𝑖ℎ2 − 𝑑𝑑𝑖𝑖 

𝑐𝑐𝑖𝑖 =
𝑑𝑑𝑖𝑖+1 − 𝑎𝑎𝑖𝑖ℎ3 − 𝑏𝑏𝑖𝑖ℎ2 − 𝑑𝑑𝑖𝑖

ℎ  

𝑐𝑐𝑖𝑖 = (−𝑎𝑎𝑖𝑖ℎ2 − 𝑏𝑏𝑖𝑖ℎ) −
𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖+1

ℎ  

𝑐𝑐𝑖𝑖 =
𝑑𝑑𝑖𝑖+1 − 𝑑𝑑𝑖𝑖

ℎ − (
𝑀𝑀𝑖𝑖+1 −𝑀𝑀𝑖𝑖

6ℎ ℎ2 −
𝑀𝑀𝑖𝑖

2 ℎ) 

𝑐𝑐𝑖𝑖 =
𝑦𝑦𝑖𝑖+1 − 𝑦𝑦𝑖𝑖

ℎ − �
𝑀𝑀𝑖𝑖+1 + 2𝑀𝑀𝑖𝑖

6 �ℎ 

 
The following expressions are formed to calculate the coefficients of the function 
through the defined equations: 

 



4 

 

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝑎𝑎𝑖𝑖 =

𝑀𝑀𝑖𝑖+1 −𝑀𝑀𝑖𝑖

6ℎ

𝑏𝑏𝑖𝑖 =
𝑀𝑀𝑖𝑖

2

𝑐𝑐𝑖𝑖 =
𝑦𝑦𝑖𝑖+1 − 𝑦𝑦𝑖𝑖

ℎ − �
𝑀𝑀𝑖𝑖+1 + 2𝑀𝑀𝑖𝑖

6 �ℎ

𝑑𝑑𝑖𝑖 = 𝑦𝑦𝑖𝑖

 

 
Determining the second derivative of third degree polynomials (𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑀𝑀𝑖𝑖) is 
enough to calculate the coefficients. The expressions can be handled more conveniently 
by putting them into matrix form as follows:  

 
𝑐𝑐𝑖𝑖+1 = 3𝑎𝑎𝑖𝑖ℎ2 + 2𝑏𝑏𝑖𝑖ℎ + 𝑐𝑐𝑖𝑖 

 

3 �
𝑀𝑀𝑖𝑖+1 − 𝑀𝑀𝑖𝑖

6ℎ �ℎ2 + 2 �
𝑀𝑀𝑖𝑖

2 �ℎ +
𝑦𝑦𝑖𝑖+1 − 𝑦𝑦𝑖𝑖

ℎ − �
𝑀𝑀𝑖𝑖+1 + 2𝑀𝑀𝑖𝑖

6 �ℎ

=
𝑦𝑦𝑖𝑖+2 − 𝑦𝑦𝑖𝑖+1

ℎ − �
𝑀𝑀𝑖𝑖+2 + 2𝑀𝑀𝑖𝑖+1

6 �ℎ 

ℎ �3𝑀𝑀𝑖𝑖+1−3𝑀𝑀𝑖𝑖
6

+ 6𝑀𝑀𝑖𝑖
6
− �𝑀𝑀𝑖𝑖+1+2𝑀𝑀𝑖𝑖

6
� + �𝑀𝑀𝑖𝑖+2+2𝑀𝑀𝑖𝑖+1

6
�� = 𝑦𝑦𝑖𝑖−2𝑦𝑦𝑖𝑖+1+𝑦𝑦𝑖𝑖+2

ℎ
  

ℎ
6 ∗

(𝑀𝑀𝑖𝑖 + 4𝑀𝑀𝑖𝑖+1 + 𝑀𝑀𝑖𝑖+2) =  
𝑦𝑦𝑖𝑖 − 2𝑦𝑦𝑖𝑖+1 + 𝑦𝑦𝑖𝑖+2

ℎ  

𝑀𝑀𝑖𝑖 + 4𝑀𝑀𝑖𝑖+1 + 𝑀𝑀𝑖𝑖+2 = 6 �
𝑦𝑦𝑖𝑖 − 2𝑦𝑦𝑖𝑖+1 + 𝑦𝑦𝑖𝑖+2

ℎ2 � 

𝑖𝑖 = 1,2,3, … ,𝑛𝑛 − 1 
 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
1 4 1
0 1 4
0 0 1

0 … 0 0 0 0
1 … 0 0 0 0
4 … 0 0 0 0

⋮ ⋮ ⋮
0 0 0
0
0

0
0

0
0

⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 … 4 1 0 0
0
0

…
…

1 4 1 0
0 1 4 1⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑀𝑀1
𝑀𝑀2
𝑀𝑀3
𝑀𝑀4
⋮

𝑀𝑀𝑛𝑛−3
𝑀𝑀𝑛𝑛−2
𝑀𝑀𝑛𝑛−1
𝑀𝑀𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=
6
ℎ2

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑦𝑦1 − 2𝑦𝑦2 + 𝑦𝑦3
𝑦𝑦2 − 2𝑦𝑦3 + 𝑦𝑦4
𝑦𝑦3 − 2𝑦𝑦4 + 𝑦𝑦5

⋮
𝑦𝑦𝑛𝑛−4 − 2𝑦𝑦𝑛𝑛−3 + 𝑦𝑦𝑛𝑛−2
𝑦𝑦𝑛𝑛−3 − 2𝑦𝑦𝑛𝑛−2 + 𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛−2 − 2𝑦𝑦𝑛𝑛−1 + 𝑦𝑦𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎤
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The resulting matrix equation contains n unknowns (𝑀𝑀1,𝑀𝑀2, … ,𝑀𝑀𝑛𝑛−1,𝑀𝑀𝑛𝑛) and 𝑛𝑛 − 2 
equalities. This does not allow to fully determining the coefficients. Therefore, the 
coefficients are determined by introducing natural splines, parabolic runout splines, 
and cubic runout splines for polynomials at the endpoints. 

The condition of natural splines includes that the second derivative of the third degree 
polynomials (𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑀𝑀𝑖𝑖) is equal to zero at the endpoints (𝑀𝑀1 = 𝑀𝑀𝑛𝑛 = 0). As a 
result, the above matrix equation becomes: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
1 4 1
0 1 4
0 0 1

0 … 0 0 0 0
1 … 0 0 0 0
4 … 0 0 0 0

⋮ ⋮ ⋮
0 0 0
0
0

0
0

0
0

⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 … 4 1 0 0
0
0

…
…

1 4 1 0
0 1 4 1⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
𝑀𝑀2
𝑀𝑀3
𝑀𝑀4
⋮

𝑀𝑀𝑛𝑛−3
𝑀𝑀𝑛𝑛−2
𝑀𝑀𝑛𝑛−1

0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=
6
ℎ2

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑦𝑦1 − 2𝑦𝑦2 + 𝑦𝑦3
𝑦𝑦2 − 2𝑦𝑦3 + 𝑦𝑦4
𝑦𝑦3 − 2𝑦𝑦4 + 𝑦𝑦5

⋮
𝑦𝑦𝑛𝑛−4 − 2𝑦𝑦𝑛𝑛−3 + 𝑦𝑦𝑛𝑛−2
𝑦𝑦𝑛𝑛−3 − 2𝑦𝑦𝑛𝑛−2 + 𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛−2 − 2𝑦𝑦𝑛𝑛−1 + 𝑦𝑦𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

 
For reasons of convenience, the first and last columns of this matrix can be 
eliminated, as they correspond to the 𝑀𝑀1 and 𝑀𝑀𝑛𝑛 values, which are both zero. 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
4 1 0
1 4 1
0 1 4

… 0 0 0
… 0 0 0
… 0 0 0

⋮ ⋮ ⋮
0 0 0
0 0 0
0 0 0

⋱ ⋮ ⋮ ⋮
… 4 1 0
… 1 4 1
… 0 1 4⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑀𝑀2
𝑀𝑀3
𝑀𝑀4
⋮

𝑀𝑀𝑛𝑛−3
𝑀𝑀𝑛𝑛−2
𝑀𝑀𝑛𝑛−1⎦

⎥
⎥
⎥
⎥
⎥
⎤

=
6
ℎ2

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑦𝑦1 − 2𝑦𝑦2 + 𝑦𝑦3
𝑦𝑦2 − 2𝑦𝑦3 + 𝑦𝑦4
𝑦𝑦3 − 2𝑦𝑦4 + 𝑦𝑦5

⋮
𝑦𝑦𝑛𝑛−4 − 2𝑦𝑦𝑛𝑛−3 + 𝑦𝑦𝑛𝑛−2
𝑦𝑦𝑛𝑛−3 − 2𝑦𝑦𝑛𝑛−2 + 𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛−2 − 2𝑦𝑦𝑛𝑛−1 + 𝑦𝑦𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

  
 
It can be seen from the resulting matrix that there are 𝑛𝑛 − 2 unknowns 
(𝑀𝑀2,𝑀𝑀3, … ,𝑀𝑀𝑛𝑛−2,𝑀𝑀𝑛𝑛−1) and 𝑛𝑛 − 2 equalities. As a result, unknown values for 𝑀𝑀2 
through 𝑀𝑀𝑛𝑛−1 will be determined. Based on the determined 𝑀𝑀𝑖𝑖 values, the coefficients 
of the third degree polynomials are calculated, and the continuous piecewise function 
passing through several points is determined. 

The condition of parabolic runout spline that the second derivatives of the third 
degree polynomials (𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑀𝑀𝑖𝑖) at the endpoints are equal to the second and one 



6 

point before the end, respectively (𝑀𝑀1 = 𝑀𝑀2 and 𝑀𝑀𝑛𝑛 = 𝑀𝑀𝑛𝑛−1). As a result, the matrix 
equation above becomes the following: 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
5 1 0
1 4 1
0 1 4

… 0 0 0
… 0 0 0
… 0 0 0

⋮ ⋮ ⋮
0 0 0
0 0 0
0 0 0

⋱ ⋮ ⋮ ⋮
… 4 1 0
… 1 4 1
… 0 1 5⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑀𝑀2
𝑀𝑀3
𝑀𝑀4
⋮

𝑀𝑀𝑛𝑛−3
𝑀𝑀𝑛𝑛−2
𝑀𝑀𝑛𝑛−1⎦

⎥
⎥
⎥
⎥
⎥
⎤

=
6
ℎ2

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑦𝑦1 − 2𝑦𝑦2 + 𝑦𝑦3
𝑦𝑦2 − 2𝑦𝑦3 + 𝑦𝑦4
𝑦𝑦3 − 2𝑦𝑦4 + 𝑦𝑦5

⋮
𝑦𝑦𝑛𝑛−4 − 2𝑦𝑦𝑛𝑛−3 + 𝑦𝑦𝑛𝑛−2
𝑦𝑦𝑛𝑛−3 − 2𝑦𝑦𝑛𝑛−2 + 𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛−2 − 2𝑦𝑦𝑛𝑛−1 + 𝑦𝑦𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

 
By solving the matrix equation, the unknown values for 𝑀𝑀2 through 𝑀𝑀𝑛𝑛−1 are 
determined. Based on the determined 𝑀𝑀𝑖𝑖 values, the coefficients of the third degree 
polynomials are calculated, and the continuous piecewise function passing through 
several points is determined. 

Cubic runout spline condition contains certain relations 𝑀𝑀1 = 2𝑀𝑀2 −𝑀𝑀3 and 𝑀𝑀𝑛𝑛 =
2𝑀𝑀𝑛𝑛−1 −𝑀𝑀𝑛𝑛−2) of the second derivative (𝑠𝑠𝑖𝑖′′(𝑥𝑥𝑖𝑖) = 𝑀𝑀𝑖𝑖) and the above matrix 
equation becomes: 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
6 0 0
1 4 1
0 1 4

… 0 0 0
… 0 0 0
… 0 0 0

⋮ ⋮ ⋮
0 0 0
0 0 0
0 0 0

⋱ ⋮ ⋮ ⋮
… 4 1 0
… 1 4 1
… 0 0 6⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑀𝑀2
𝑀𝑀3
𝑀𝑀4
⋮

𝑀𝑀𝑛𝑛−3
𝑀𝑀𝑛𝑛−2
𝑀𝑀𝑛𝑛−1⎦

⎥
⎥
⎥
⎥
⎥
⎤

=
6
ℎ2

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑦𝑦1 − 2𝑦𝑦2 + 𝑦𝑦3
𝑦𝑦2 − 2𝑦𝑦3 + 𝑦𝑦4
𝑦𝑦3 − 2𝑦𝑦4 + 𝑦𝑦5

⋮
𝑦𝑦𝑛𝑛−4 − 2𝑦𝑦𝑛𝑛−3 + 𝑦𝑦𝑛𝑛−2
𝑦𝑦𝑛𝑛−3 − 2𝑦𝑦𝑛𝑛−2 + 𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛−2 − 2𝑦𝑦𝑛𝑛−1 + 𝑦𝑦𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

  
The resulting matrix contains 𝑛𝑛 − 2 unknowns (𝑀𝑀2,𝑀𝑀3, … ,𝑀𝑀𝑛𝑛−2,𝑀𝑀𝑛𝑛−1) and 𝑛𝑛 − 2 
equalities. In this way, unknown values for 𝑀𝑀2 through 𝑀𝑀𝑛𝑛−1 are determined. 

The unknown coefficients of the third degree polynomials 𝑆𝑆(𝑥𝑥) are calculated based 
on the values of 𝑀𝑀𝑖𝑖 determined according to the above conditions of cubic spline 
interpolation. As a result, a third order continuous piecewise function passing through 
several points is found. 
 
 


